We present a canonical form for a natural and necessary generalization of the Lambert W function, natural in that it requires minimal mathematical definitions for this generalization, and necessary in that it provides a means of expressing solutions to a number of physical problems of fundamental nature. This generalization expresses the exact solutions for general-relativistic self-gravitating N-body systems in one spatial and one time dimension, and a previously unknown mathematical link between the (1+1) gravity problem and the Schrödinger wave equation.
application has only been appreciated since the last decade of the 20th century. It had been injected into the Maple Computer Algebra system by Gaston Gonnet over many objections because it did not appear as a "standard" special function known in literature (e.g. see [1] [2] [3] ). A presentation of the work of Scott et al. [4] in 1992 showed that it expressed an exact solution to a fundamental problem in quantum mechanics. Corless et al. made a literature search of the W function to find that it had been "invented" and "re-invented" at various moments in history. Its applications are numerous [5] ranging from Wien's Displacement Law of blackbody radiation (e.g. [6] ), to quantum chromodynamics, combinatorial number theory, fuel consumption and population growth (see e.g. [7] and references herein) and so forth. The W function seems be ubiquitous in nature.
More recently, the Lambert W function has expressed an exact solution to the general relativistic gravity two-body problem [8] in (1 + 1) dimensions when the two-bodies have exactly the same rest mass. However, the case of unequal masses required a generalization of Lambert's function [8, eq.(81) ]. It was subsequently found out that this generalization for unequal masses had a one-to-one relationship with the problem of unequal charges for the quantum mechanical problem of Scott et al. [4] Something important and vital about the W function had been missed. For example, long before D.E.G. Hare [5] extended the definition of the W function into the complex plane, such an analysis had already been done by Byers Brown [9] not only for the standard W function but also for its generalization discussed herein. The present work examines this generalization and rescues results from the unfortunate "fragmentation" of information and awareness of Lambert's function. We present a generalization that is "natural" i.e. 1. It minimizes the need for new mathematical definitions. 2. It has applications in nature like the standard W function itself. 3. It expresses solutions to a broad range of mathematical problems. 4. Its reduction to the standard Lambert W function is transparent. Such a function satisfying these criteria is clearly a fundamental mathematical structure worthy of consideration in the Mathematical/Physical literature. In this work, we present a canonical form for a generalization of the W function which satisfies these criteria according to the following mathematical physical thread of development.
Quantum Problem and Link to Gravity
The one-dimensional hydrogen molecular ion H + 2 [9] is the double Dirac delta model with Z A = q and Z B = λ q, 0 < R < ∞ and − 1 2
and where λ is formally a perturbative parameter. The solution is well known [4] :
Matching of ψ at the delta function peaks at x = 0, R yields the determinental conditions:
and the energies are E ± = −d 2 ± /2 where d ± satisfies eq. (2). This determinant is a pseudo-quadratic [4, eq.(17) ] which can re-written as:
When λ = 1, both sides of (3) can be factored into:
where ± represent respectively the symmetric and anti-symmetric solutions. The solution is [4] :
The first argument 0 indicates the W function is evaluated at its principal branch. Henceforth we set q = 1. The anti-symmetric case, d − and consequently the eigenenergy appear to go to zero as R → 1 i.e. the corresponding eigenstate appears to go into the continuum but W (−1, −Re −R ) has an order 2 branch at R = 1 and yields a real number. Mathematical physicists of the 1970s [9] , were well aware of the branch structure of the W function. The problem of (1+1) dimensional gravity [8] namely eq. (82) of ref. [8] relates exactly to eq. (3) by the following transformation:
The reason why is this particular physical model produces a partial differential equation, namely eq. (30) of ref. [8] which can be treated formally as the Schrödinger wave equation as written in (1).
Generalization
When λ = 1, symmetry is broken and thus the generalization we seek is a solution to:
where {r 1 , r 2 } = {1, λ} are the real roots of a quadratic polynomial and {a o , b o } = {1, 1/λ}. We treat these parameters generally while making all necessary assumptions to ensure a real solution. Since a quadratic is merely a product of first order polynomials, this guides us intuitively to consider that there exists a value y such that:
Multiplication of the left sides and right sides of eqs. (8) and ( 9) yields (7) the equation we desire to solve. However, individually eqs. (8) and (9) can be solved using the standard Lambert W function:
The "separation" parameter y = 1 + ensures x 1 = x 2 and therefore:
Substituting eqs. (10) and (11) into (7) yields an equation governing x:
Therefore, we infer that the generalized Lambert W function is:
where
This generalization fits into the framework of Martinez [10] which considered infinitely iterated exponentiation or tetration, namely:
From z = W (z)e W (z) , the product on nW functions is given by:
The Lambert W function is governed by the addition law[11]:
for (a) or (b) > 0. By induction, the product is then:
where f n stands for an expression involving W functions of z 1 , z 2 . . . z n from the addition law. Thus, with f 2 = z 1 z 2 (1/W (z 1 ) + 1/W (z 2 )), then
In the context of the tetration function ᑢ(α) of (15), the product of Lambert W functions is really just: a multiple of the continued tetration function. Thus, no generalization in the sense of additional mathematical definitions is needed: it is simply one single W function evaluated at a point involving other W functions. Moreover, this generalization collapses into other special cases apart from = 0, our original starting point. The separation parameter may appear as a burden but through experimental mathematics, it has been used to find three previously unknown analytical solutions to eq.(3) in the limit | | → 1:
and for (7):
and also
where the remaining parameters are arbitrary real numbers.
Applications
The solution of the three-body problem in (1 + 1) dimensions requires solving for V which is governed by the following equation [12, eq.(32)]:
where s 1 = sign(sin(q + π 3 )), s 2 = −sign (sin(q − π 3 )) and sq = sign (sin(q). This problem has no closed form solution. The hard part is in trying to extricate the exponential terms from the rest of the expression. At q = 0 and q = ±π/3, V is governed by exactly the same type of transcendental equation as eq. (7) whose solution can be expressed in terms of our 2 function. The latter collapses further into standard W functions if one of the masses is the sum of the other two. If we consider the region 0 < q < π/3, we obtain the general form:
where c = (K R/2) is a constant and:
where f = exp(c sin(q)V ) generates the rational polynomials. Here sin(q) ≈ q is small and cos(q) ≈ 1. A similar story applies to other regimes [π/3, 2π/3], [2π/3, π] etc . . . Recently Imambekov and Demler [15] considered a bose-fermi mixture in one dimension whose Hamiltonian is that of a linear molecule and whose solution is also of this form.
Conclusions
We have identified a generalization of the Lambert W function namely the solution to (26), denoted n fitting into the analytic framework of R. Martinez [10] and expressing solutions to a huge class of transcendal equations and delayed differential equations [13] including applications in medicine [14] . In particular, the general solution of the two-body problem in (1+1) dimensional gravity and the quantum double well dirac delta function model have the solutions 2 . The special functions in the known literature (e.g. [1] ) are special cases of the hypergeometric functions and/or the Meijer G-function [3] . The Lambert W function apparently bears no relationship to these functions and belongs to a class of its own. The generalization presented here is a first step in identifying that class.
The next phase would naturally consist of establishing Taylor series and asymptotic series expansions of (26) but given today's computational means, getting floating-point numbers is relatively trivial. Naturally, it is expected that our "separation" parameter in ( 13) likely has a restricted domain of applicability (its primary use being to infer the general result starting from the standard W function).
Furthermore, this work on the Lambert W function helped find analytic solutions to the quantum mechanical 3-body problem known as the hydrogen molecular ion in the case of clamped nuclei of equal charges [17] . All this vindicates our proposed generalization of the W function as being of fundamental and physical importance.
